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Stochastic resonance in a chaotic laser
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We report an observation of stochastic resonance in a laser with no stochastic excitation using the intrinsic
chaotic dynamics. A harmonic signal in the form of a slow modulation of cavity losses is added to a loss-driven
CO2 laser. The signal-to-noise ratio shows a resonance in the range of the bifurcation parameter where two
chaotic attractors coexist in phase space. The results of numerical simulations based on a two-level laser model
are in good agreement with experiments.@S1063-651X~98!51009-4#

PACS number~s!: 05.45.1b, 42.55.Lt, 42.65.Sf
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INTRODUCTION

Stochastic resonance~SR! in its classical sense is a phe
nomenon of an increase of the signal-to-noise ratio~SNR!
with increased input noise in bistable or multistable nonl
ear systems@1,2#. During the last decade this phenomen
was investigated extensively both theoretically and exp
mentally in a number of physical, chemical, and biologic
systems~for an overall review, see@3#!. The basic physica
mechanism underlying classical SR can be understood
follows @2#. A stochastic excitation of a lightly damped pa
ticle moving in a symmetric double-well potential leads to
exponentially decreasing Kramers time of the system jum
over the potential barrier@4#. A harmonic excitation~a sig-
nal! of the particle with a small enough amplitude that
assumed to not be able to switch the system from one we
another by itself, in the presence of noise, does do that.
coincidence of the escape rate from a well due to the
chastic excitation with the signal frequency causes a s
chronization between the signal and noise that gives rise
resonance effect in the periodic signal component a
hence, in the SNR.

Recently, SR approaches beyond classical SR have
extended to chaotic systems by keeping the noise uncha
and adding a deterministic excitation, rather than by incre
ing the noise@5,6#. Chaotic behavior in the system is asso
ated with a broadband spectrum on the basis of which
output SNR is defined. It has been shown that for a cer
region of the parameter space, the system switches betw
different chaotic repellers in relation to a periodic forcin
These intermittent hops cause the amplification of the p
odic signal component in much the same manner as in c
sical SR. More recently, Reiboldet al. @7# observed this so-
called noise-free SR in ferromagnetic resonanc
experiments.

It is remarkable that classical SR, observed in a bidir
tional ring laser ten years ago@8#, provided a basis for the
formulation of the theory of McNamara and Wiesenfeld@2#
and its later development@3#. In this paper we report an
experimental observation of thenoise-freeSR in a laser sys-
tem by using the intrinsic chaotic dynamics. By exploring
domain of generalized bistability where two chaotic attra
tors coexist, we investigate the chaotic intermittent dynam
in a loss-driven CO2 laser caused by an additive or a mul
PRE 581063-651X/98/58~3!/2697~4!/$15.00
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plicative periodic signal. Numerical simulations based on
two-level laser model are in good qualitative agreement w
the experimental results and thus allow clarification of t
experimental situation.

EXPERIMENTS AND RESULTS

The experiments were carried out in a loss-driven sing
mode CO2 laser. The experimental setup is similar to th
described in previous works@9#. The driving electric signal
A1 cos(2pf1t) with the frequencyf 151/T5112 kHz and the
amplitudeA1 is applied to an acousto-optic modulator pr
viding time-dependent cavity losses. It is known@10–13#
that a loss-driven CO2 laser can display generalized multist
bility, i.e., coexistence of independent attractors in ph
space at the same values of laser parameters. Varying
driving amplitudeA1 from 0 to 10 V, it is possible to obtain
different dynamic regimes from period 1 to chaos. The
regimes can be observed in time series as well as in po
spectra. We found that the first period doubling appears
A151.8 V, and atA152.6 V the dynamics of our laser be
comes suddenly chaotic as one can see in the power s
trum shown in Fig. 1~a!. Here,S is the power spectrum den
sity of the laser output. The periodic structure in the pow
spectrum shows itself more clearly in the averaged spect
as illustrated in Fig. 1~b!. Hereafter, we analyze the powe
spectra taking an average of 128 Fourier transformation
separate time series. The spectral density has peaks a
fundamental excitation frequencyf 1 , at half driving fre-
quency f 1/2, and a broadband portion due to the chao
nature of the response with a maximum atf 1/4. The broad-
band chaotic noise indicates that the trajectory of the sys
resides within a chaotic attractor@9,10#. Let us suppose tha
some other regular or chaotic attractors can also exist for
same laser parameters. It is a very difficult problem to fi
the positions of these coexisting attractors experimentally
one can do it numerically@11–13# as we shall demonstrat
below. Our experimental and numerical investigations sh
that the frequency of the maximum of broadband chao
noise in the averaged power spectrum is a basic guidelin
deciding which attractor the chaotic motion belongs to. T
maximum is situated always at the frequencyf 1 /(2N),
whereN is the number of the branch from which the chao
attractor develops. For example, if the maximum of broa
R2697 © 1998 The American Physical Society
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band noise is situated at the frequencyf 1/2, the chaotic re-
gime belongs to the attractor developed from a perio
branch of orbits. On the other hand, if the frequency of
maximum is equal tof 1/6, chaos is associated with
period-3 branch. In the case illustrated in Fig. 1~b! the laser
operates in the chaotic regime of a period-2 branch attrac

Since different stable attractors can coexist, and given
existence in the spectrum of a broadband portion simila
that in the case of classical SR, it is possible to organ
intermittent jumps between the attractors by applying an
ditional small periodic modulation of a laser parameter. T
intrinsic chaotic dynamics~the broadband noise! performs a
synchronization phenomenon that acts in much the s
manner as for stochastic noise in classical SR@5–7#. To ob-
tain the resonance effect we add a slow modulation of
cavity losses. Accordingly, the combined voltage applied
the modulator is now

G~ t !5A1cos~2p f 1t !1A2cos~2p f 2t !, ~1!

whereA1 cos(2pf1t) is the driving modulation with ampli-
tude A1 and frequencyf 15112 kHz, andA2 cos(2pf2t) is
the additiveexternal deterministic force~signal! with ampli-
tude A2 and frequencyf 2510 kHz (f 2! f 1). The power
spectra of the laser output in the presence of the modula
@Eq. ~1!# are displayed in Fig. 2 for three values of the dri
ing amplitudeA1 in the range of chaos. The additional lo
modulation is chosen to be large enough to observe a p
odic component atf 2 in the laser response. In fact, the am
plitude of the additional modulationA2510 V is not small
when compared with the drivingA1 , but the effects of the
frequenciesf 1 and f 2 on the output are different. The imba
ance between input and output signals appears becaus

FIG. 1. Experimental power spectra of a CO2 laser in the chaotic
regime associated with a period-2 branch of orbits.~a! Spectrum
from a single time series.~b! Spectrum averaged over 128 realiz
tions.
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modulator has a strong acoustic resonance at 112 kHz w
at 10 kHz the modulator is weakly efficient. As a result,
A151 V andA2510 V the laser response atf 2 is 100 times
smaller than that atf 1 .

One can see from Fig. 2 that the periodic componen
f 2510 kHz, together with a set of difference frequencie
arise in the spectra. Thef 2 spectral componentS( f 2)
5Sg( f 2)1Sn( f 2) is composed of two contributions: a cha
otic broadband portionSn( f 2) and a signalSg( f 2). Compar-
ing these spectra for differentA1 , one can see that the sign
amplitudeSg( f 2) is enhanced atA153.2 V @Fig. 2~b!# with
respect to their respective counterparts in Figs. 2~a! and 2~c!,
for which A152.6 V and 3.8 V. This is because of the res
nance due to the intrinsic chaotic dynamics; the level of c
otic broadband portion increases with increasingA1 . The
presence of thef 1/3 component andf 1/4 component in the
spectra in Figs. 2~a! and 2~b!, respectively, is good circum
stantial evidence that at least two chaotic attractors coe
for the range of the driving amplitudes exploited in Fig. 2

Figure 3~a! shows the dependence of the SNR atf 2 on A1
for the additive signal given by Eq.~1!. In this paper we
define the SNR~R! as the relationship

R510 log
Sg~ f 2!1Sn~ f 2!

Sn~ f 2!
. ~2!

FIG. 2. Experimental averaged power spectra of a CO2 laser
with no stochastic excitation and with slow additive modulation
cavity losses atf 2 for different driving amplitudes~a! A152.8 V,
~b! 3.2 V, and~c! 3.8 V.
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In Fig. 3~a! we also show how the level of the broadba
portion Sn( f 2) depends onA1 . The vertical dashed line
indicate the locations of the bifurcation boundaries witho
the additional modulation, i.e., whenA250. One can see tha
the SNR has a resonance atA1'3.2 V where the motion is
chaotic andSn increases. AtA1.2.6 V the laser operates i
a ‘‘chaos-chaos’’ intermittency regime where two chaotic
tractors, 2T and 3T, coexist in phase space. This can be se
from the power spectra shown in Fig. 2. The additional sl
modulation provides synchronized switches between th
two coexisting attractors.

A similar resonance effect is also observed when
modulate the maximal amplitude of the driving force, i.
when we apply amultiplicativesignal so that the total volt
age is

G~ t !5A1@11m cos~2p f 2t !#cos~2p f 1t !, ~3!

where m is the modulation depth. Such a signal is mu
easier to implement experimentally because it can be ge
ated from a single generator with additional amplitu
modulation. Figure 3~b! displays the SNR and broadban
portion Sn( f 2) versusA1 for the signal@Eq. ~3!# at m50.3.
Thus, in both cases the SNR has the resonance at some
of the broadband chaotic noise that provides the synchr
zation phenomenon noted for classical SR.

NUMERICAL SIMULATIONS

We use the following two-level rate-equation laser mo
@10,14#:

FIG. 3. Experimental signal-to-noise ratio~open circles! and
power density of the broadband portion~closed circles! vs the driv-
ing voltageA1 . ~a! Additive signal corresponding to Eq.~1!. ~b!
Multiplicative signal corresponding to Eq.~3!; f 15112 kHz and
f 2510 kHz. The vertical dashed lines show the positions of
bifurcation boundaries in the absence of additional modulation.
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du

dt
5t21~y2k02k!u,

dy

dt
5~y02y!g2uy. ~4!

Hereu is proportional to the radiation density,y and y0
are the gain and the unsaturated gain in the active med
respectively,t is half of the round-trip time of light in the
resonator,g is the gain decay rate, andk0 is the constant par
of the losses. Analogous to what is done in the experime
the variable cavity losses are changed either by addin
slow signalk2 cos(2pf2t) to a driving forcek1 cos(2pf1t), so
that

k5k1cos~2p f 1t !1k2cos~2p f 2t !, ~5!

wherek1 and k2 are the driving and signal amplitudes r
spectively, or by an additional modulation of the driving am
plitude

k5k1@11m cos~2p f 2t !#cos~2p f 2t !. ~6!

Equations~5! and ~6! thus simulate the experimental situ
tions with the additive and multiplicative signals as defin
by Eqs.~1! and ~3!. To better model the experimental situ

FIG. 4. ~a! Numerical bifurcation diagram of theu function of
the driving amplitude. Stable branches of the period-1, -2, and
orbits are marked by the lettersT, 2T, and 3T. ~b! and ~c! SNR
~open circles! and power spectrum density of the broadband port
~closed circles! vs the driving amplitude for~b! additive signal@Eq.
~5!#, and~c! multiplicative signal@Eq. ~6!#.
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tion we take the numerical parameters to be close to
experimental ones. To this aim we fix the paramet
throughout our calculations:t53.531029 s, g5105 s21,
y050.1805,k050.173, f 15112, f 2510 kHz, while the pa-
rametersk1 , k2 , andm are varied in the numerical simula
tions.

Figure 4~a! shows the bifurcation diagram obtained wi
different initial conditions without additional signal (k250
or m50). One can see that the system of Eq.~4! has several
stable solutions or coexisting attractors atk1.1.331023.
For instance, a period-2 branch of orbits (2T) appears at
k1'1.331023, then a period-3 branch (3T) arises atk1
'1.631023, and finally atk1'1.831023 these attractors
become chaotic and overlap. The application of the ad
tional loss modulation withf 2510 kHz andk251024 or m
50.3 provides a synchronization effect that shows up as
resonance in the SNR as shown in Figs. 4~b! and 4~c! for the
signals corresponding to Eqs.~5! and ~6!, respectively. All
SNR calculations in this paper are based on Eq.~2!. In Figs.
4~b! and 4~c! we also plot the dependences of the broadb
portionSn( f 2) on k1 . Each point in Figs. 4~b! and 4~c! is an
average over 20 neighborhood points recorded at differenk1
with a step ofDk151025. In Fig. 4~b! the broadband portion
begins to increase atk1'1.331023 just when the 2T branch
of period-doubling orbits appears in the bifurcation diagra
IncreasingSn leads first to the diminution of the SNR an
then to the resonance in the SNR. This resonance arise
the domain where two chaotic attractors associated with
2T and 3T branches coexist, and the signal atf 2 provides
tat
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synchronized switches between these attractors. Compa
the numerical plots shown in Figs. 4~b! and 4~c! with the
experimental dependences displayed in Figs. 3~a! and 3~b!
one can see that the agreement is remarkably good.
demonstrates that the SR approach can be used as an
tive experimental instrument to detect coexisting attract
among other experimental methods such as targeting t
nique @15# and dynamical tracking periodic orbits@16#.

CONCLUSION

To conclude, we have reported on experimentally and
merically obtained noise-free stochastic resonance in a
otic CO2 laser due to the intrinsic chaotic dynamics.
broadband portion of the output power spectrum acts v
similar to a deterministic noise in classical SR; the la
switches in phase space between coexisting attractors.
enhancement of the SNR is achieved by adding either
additive or a multiplicative harmonic signal while leavin
the noise unchanged. We expect that noise-free stoch
resonance will also be realized in other lasers that admit
coexistence of different attractors. The observed phen
enon can be of interest for communications with lasers.
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